Student seminar solutions Week 11

1. We first want to find the valuation v,(n!) for any number n € N. First,
notice that if n < p, then v,(n!) = 0. Now if n > p, then we have contri-
butions of powers of p in n!:
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but also (if n > p?) contributions given by
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and so on with powers of p.
Hence, the numbers of powers of p in the decomposition in prime number

of n! is given by
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where this sum is finite since after some large £ € N, Lﬁj = 0. Notice
that since Lﬁj < o for any k € N,
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since it’s a geometric serie. Hence,
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By real analysis, the radius of convergence R € Q satisfies
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Now consider x = pp%l as a p-adic number in C,, so that v,(z) = p%l.
We want to show that exp(x) doesn’t converge. First, for ¢ € N, notice
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Hence,
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Then, \%“, = pﬁ is a constant for any ¢ € N, which shows that

nl;rrgo 4 # 0, so the serie cannot converge. Finally since |z|, = p~ 7T,

. We can view ks as a kj-vector space, and we choose {ey,...,e,} to be a
basis, where n = [k : k1]. Recall that the norm map Ny, : k2 — ky is
defined as Ny, /i, (v) = det(M,) the determinant of the map M, : ko — ko
that sends y — xy, seen as linear map. In particular, if for x € ko we write
T =x1€e1+ -+ Tpe, with z; € ki, notice that Ny, /p, (z) = P(21,...,2n)
where P is a polynomial in k;[X1,..., X,]. Hence, Ny, i, () is the com-
position of a projection function, addition and multiplication in ky. We
just need to show that addition and multiplication are continuous with
respect to the p-adic topology.

Without loss of generality, we show continuity aroud 0. The set B(0,¢) =
{z € k1 | |z|p < €} give a basis of the open set around 0 in k;. Let
+ : k1 X k1 — k1 be the addition map and - : k1 x k; — k1 be the multi-
plication.

Take (z,y) € B(0,€) x B(0,€). Since | - |, is a non archimedean norm,

[z + ylp = max{|z|p, [y[,} <€

which shows that B(0,¢€) x B(0,¢€) is contained in the preimage of B(0,€)
by +, hence + is continuous.

Take (z,y) € B(0,+/€) x B(0,/€). Then

lzylp = |zlplylp < Veve=e

so B(0,+/€) x B(0, y/€) is contained in the preimage of B(0,¢€) by -, hence
- is continuous.

. (i) Recall that we have
Zx(m) ={a € Ig : ordya = 0 for all pjm}
ord, (m)
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Jf;m ={a € Jk : a, > 0 for all real v and a,, =1 (mod p
Take a € Zx (m) and let
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be its decomposition in primes, since ordya = 0 for all pjm. For every
v € Vi such that p, ¥ m, choose a, € K such that ord,(a,) = ord,(a)
and take a,, = 1 for the v € Vi such that p,|m. By taking

a:(...,av,...)vevK

NKm(a) =a.

(ii)-iii) Let #,y € K* two units such that za,ya € Ji . Consider £ €
K. Notice the following:

(a) For any real place v € Vi, ya, > 0, za, > 0 by definition of jf;m,
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(b) For any place v € Vi such that p,|m,

(mod pOI‘d m)
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Together, we have that £ € ij, and so () € P}’m. Now
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Hence it is well defined in the quotient.

(iv) From proposition 4.3.3 in Childress’ book, the kernel of « is

ker(a) = Kxgl"gm

. This exercice is a generalization of proposition 4.5.6 of Childress’ book
for arbitrary (non necessarily Galois) finite extension of field. The only
part of this proof that uses the Galois assumption is that for a finite place
v € Vp, and if w | v is ramified, then [U, : Ng, /5, (Us) | < e(v/w) (from
corollary 5.5). We want to prove that this index is always finite even for
non Galois extension, and the rest of the proof is the same.

Let L[én) = 14 p? C U, be the n-th higher unit group. Notice that we
have a tower of groups
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Since K,,/F, is a finite extension, there is a number n € N such that
RZRE Nk, r,(Uy) | < +o0
Moreover, from (?, Proposition 3.10), we have that
U/ UTTD = 0y /p,

which is a finite field from lecture. Hence [ué“ : L{éiﬂ) ] < 4o for every
i € N. Finally we have that
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